Abstract. If * : G → G is an involution on the finite group G, then * extends to an involution on the integral group ring Z [G]. In this paper, we consider whether bicyclic units u ∈ Z[G] exist with the property that the group u, u * , generated by u and u * , is free on the two generators. If this occurs, we say that (u, u * ) is a free bicyclic pair. It turns out that the existence of u depends strongly upon the structure of G and on the nature of the involution. The main result here is that if G is a non-nilpotent group, then for any involution, Z[G] contains a free bicyclic pair.
Now suppose that * : G → G is an involution, that is an antiautomorphism of order 2. Then * extends to an involution of Z [G] . In particular, if u is a unit of
, then so is u * , and we are interested in the nature of the subgroup u, u * of the unit group that is generated by these two elements. If * : G → G is the inverse map, then it was shown in [4] that, for every nontrivial bicyclic unit u, the group u, u * is free of rank 2, namely (u, u * ) is a free bicyclic pair. Certainly, it is of interest to see whether free bicyclic pairs exist for other involutions, and that was the theme of [1] , where groups G with |G : Z(G)| = 4 were considered. Somewhat later, in [2] we studied different classes of groups. For example, Theorem 2.8 of that paper asserts Theorem 1.1. Let G be a finite nonabelian group that admits an involution * . If all Sylow subgroups of G are abelian, then Z[G] contains a free bicyclic pair (u, u * ).
We note that the group G above cannot be nilpotent since otherwise it would be isomorphic to the direct product of its Sylow subgroups and hence be abelian. In fact integral group rings of non-Dedekind nilpotent groups can fail to have free bicyclic pairs as was shown in [1] and [2] . On the other hand, this is really the only obstruction. Indeed, our main result here is Theorem 1.2. Let G be a finite non-nilpotent group that admits an involution * . Then Z[G] contains a free bicyclic pair (u, u * ).
This will be proved in Section 2, while Section 3 will consider some nilpotent and related examples. We close this section by quoting the rather obvious [2, Lemma 1.1], namely Lemma 1.3. The map * : G → G is an involution if and only if * is equal to σ followed by the inverse map, where σ : G → G is an automorphism of order 1 or 2.
Since the inverse map stabilizes all subgroups H of G, we see that H ⊆ G is * -stable if and only if it is σ-stable.
Non-nilpotent Groups
Our goal here is to prove Theorem 1.2. The proof will proceed by induction on |G| using [2, Lemma 1.11] which is given below. Furthermore, as will soon be apparent, we do not construct any bicyclic units in the proof. Rather we reduce the group to situations where earlier results can apply. In particular, we will use Theorem 1.1 and also [2, Corollary 1.10], namely Lemma 2.2. Suppose a ∈ G satisfies a * a = aa * and set b = (aa
We need one more preliminary result.
Lemma 2.3. Suppose G is a non-nilpotent group, but that all proper characteristic subgroups and characteristic homomorphic images of G are nilpotent. If G has a proper characteristic subgroup, then there are two distinct primes p and q, such that G is the semidirect product G = P Q, where P = 1 is an elementary abelian p-group, Q = 1 is an elementary abelian q-group, and Q acts faithfully on P .
Proof. Let K be the given proper characteristic subgroup of G. Then K is nilpotent, so O p (K) = 1 for some prime p. Hence O p (G) = 1 and since G/O p (G) is nilpotent, it follows that G has a normal, and hence characteristic, Sylow p-subgroup P . Since G is not nilpotent, there exists a Sylow q-subgroup Q of G that is not normal. But G/P is nilpotent, so P Q is a normal Hall {p, q}-subgroup of G. In particular, P Q char G. Furthermore, Q is not normal in P Q since otherwise Q char P Q and hence Q char G. Thus P Q is not nilpotent, and minimality implies that G = P Q = P Q. If the Frattini subgroup Φ(P ) = 1, then G/Φ(P ) is nilpotent and Q centralizes P/Φ(P ). Thus Q centralizes P and N G (Q) ⊇ P Q = G, a contradiction. It follows that Φ(P ) = 1 and P is an elementary abelian p-group. Finally, note that O q (G) = 1 since otherwise G/O q (G) is nilpotent and Q G. Now suppose that N is any normal nilpotent subgroup of G. Then O q (N ) ⊆ O q (G) = 1, so N is a p-group and therefore N ⊆ P . In particular, since C(P ) is clearly nilpotent, we have C(P ) = P and hence Q acts faithfully on P . Furthermore, since any proper characteristic subgroup of G is nilpotent, we see that G/P ∼ = Q has no proper characteristic subgroups. Thus Φ(Q) = 1 and Q is an elementary abelian q-group.
With this, we can now offer the Proof of Theorem 1.2. If the result is false, let G be a non-nilpotent group of minimal order admitting an involution * such that Z[G] has no free bicyclic pairs. Using Lemma 1.3, we write * as the inverse map followed by an automorphism σ of G having order 1 or 2. Recall that subgroups of G are * -stable if and only if they are σ-stable. In view of Lemma 2.1 and the minimality of |G|, we can assume that every σ-stable proper subgroup of G is nilpotent. Furthermore, if M = 1 is a σ-stable normal subgroup of G, then G/M is nilpotent. We proceed in a series of three steps.
Also H = G, by assumption, so H is nilpotent and there exists a prime p with O p (H) = 1. Thus O p (G) = 1 and G has a proper characteristic subgroup. It follows that G satisfies all the hypotheses of the preceding lemma since any characteristic subgroup of G is σ-stable. Thus, by Lemma 2.3, G = P Q, where P is an elementary abelian p-group, Q is an elementary abelian q-group, p = q, and Q acts nontrivially on P . In particular, G satisfies the hypothesis of Theorem 1.1, and hence Z[G] has a free bicyclic pair, contrary to our assumption. Thus N G (H) is proper and hence nilpotent.
Step 2. If the prime p divides |G|, then σ stabilizes a Sylow p-subgroup of G.
Proof. We first show that σ stabilizes a nontrivial p-subgroup of G. To this end, let a = 1 be a p-element of G. If a σ = a, then σ stabilizes the p-subgroup a = 1 and we are done. Thus we may assume that a σ = a and hence that a * = a −1 . In particular, b = a * a is a nonidentity element of G. Of course, b is not necessarily a p-element. If aa * = a * a , then Lemma 2.2 implies that Z[G] has a free bicyclic pair, contrary to our assumption. Thus, we may assume that aa * = a * a = B. Now (aa * ) * = aa * , so B = b is a nonidentity cyclic * -stable subgroup of G and Step 1 implies that N G (B) is nilpotent and σ-stable. In particular, σ stabilizes the characteristic Sylow p-subgroup of N G (B) and we need only show that this subgroup is nontrivial. But observe that a −1 (aa * )a = a * a ∈ B, so a is a p-element in N G (B). Thus σ stabilizes a nontrivial p-subgroup of G, as required.
Next, let P be a p-subgroup of G of maximal order stabilized by σ. Then P = 1, by the above, and hence N G (P ) ⊇ P is nilpotent by Step 1. In particular, σ stabilizes the unique Sylow p-subgroup of N G (P ) and this group contains P . Thus, by maximality, P is a Sylow p-subgroup of N G (P ). Since normalizers grow in p-groups, this implies that P is indeed a Sylow p-subgroup of G.
Step 3. Final contradiction.
Proof. Since G is not nilpotent, its order is divisible by at least two primes, so we can choose p to be an odd prime divisor of |G|. By Step 2, σ stabilizes a Sylow p-subgroup P = 1 of G, and of course P = G. In particular, σ stabilizes both Z(P ) = 1, the center of P , and T(P ) = 1, the Thompson subgroup of P . By
Step 1, N G (Z(P )) and N G (T(P )) are both nilpotent and hence so is C G (Z(P )). Thus, by Thompson's Theorem [3, Theorem 7.1], G has a normal p-complement N . Then N = 1, N = G and N is characteristic in G, so σ-stable. Thus, by Step 1, N G (N ) = G is nilpotent, certainly a contradiction.
With this final contradiction, the theorem is proved.
We remark that the above proof is reasonably constructive modulo dealing with some aspects of the group theory. Indeed, Lemmas 2.1 and 2.2 offer concrete constructions, while the group G = P Q which we handled with Theorem 1.1 can be dealt with more explicitly using [2, Examples 2.5 and 2.7].
Nilpotent Examples
In view of Theorem 1.2, the existence of free bicyclic pairs is reduced to the case of nilpotent groups, that is to direct products of p-groups. Interesting nonabelian p-group examples were offered in [2] to show that free bicyclic pairs need not exist in these situations.
Recall that a finite p-group P is said to be extra-special if Z(P ) = P has order p. Here, of course, Z = Z(P ) is the center of P , and P is the commutator subgroup. Such groups can be described as a finite direct product of nonabelian groups of order p 3 with their centers identified. Indeed, there are just two isomorphism classes of such groups for any fixed order p 2n+1 . If p is odd, we can take all but one of the n direct factors to be the nonabelian p-group of order p 3 and period p, while the last factor has either period p or p 2 . When p = 2, we can take all but one of the n direct factors to be the dihedral group D 8 of order 8, while the last factor is either dihedral D 8 or quaternion Q 8 .
It is easy to see that all such groups admit automorphisms σ of order 2 that invert P/Z, that is act like the inverse map on this abelian quotient group. In particular, such groups admit involutions * that act like the identity on P/Z. The following is a more precise version of [2, Example 2.2].
Example 3.1. Let p be an odd prime and let P be an extra-special p-group with center Z. If * is an involution of P that is the identity on P/Z, then Z[P ] has no free bicyclic pairs (u, u * ). Indeed, if u = 1 + µ then either µµ
It is a fairly simple matter to extend this result to nilpotent groups that are not p-groups by adjoining abelian factors. Specifically, we have Example 3.2. Let p be an odd prime and let P be an extra-special p-group with center Z. Set G = P × Q where Q is any abelian p -group and assume that * is an involution on G that is the identity on P/Z. Then Z[G] has no free bicyclic pairs.
Proof. Let X = x be a cyclic subgroup of G and write x = bc with b ∈ P and c ∈ Q. Then X = B × C where B = b ⊆ P and C = c ⊆ Q. In particular, X = B· C = C· B and thus c X = X. Now consider µ = (1 − x)g X with g ∈ G, and write g = ad with a ∈ P and d ∈ Q. Since c and d are central in G, we see first that xg X = bgc X = bg X and then that µ = (1 − b)g X = (1 − b)a B·d C = β·γ, where β = (1 − b)a B is used to construct a bicyclic unit in Z[P ] and where γ = d C is central in Z [G] . But, by Example 3.1 applied to Z[P ], we have either ββ * = 0 or β * β = 0. Therefore, we conclude that either µµ * = 0 or µ * µ = 0. This implies easily that the units u = 1 + µ and u * = 1 + µ * do not generate a free group of rank 2. Indeed, if µµ
, so all these elements commute, a contradiction. Similarly, the group is not free if µ * µ = 0.
The situation for extra-special 2-groups is slightly different. The following is [2, Lemma 2.4].
Example 3.3. Let P be an extra-special 2-group with center Z and let * be an involution of P that is the identity on P/Z. Then Z[P ] has a bicyclic unit u with (u, u * ) a free pair unless |P | = 8 and * moves all noncentral elements of order 2.
In particular, we see that there is involution * defined on the dihedral group P = D 8 of order 8 with the property that Z[P ] does not have any free bicyclic pairs. Notice that if * is the identity on P/Z as above and if x ∈ P , then x * = xz for some z ∈ Z(P ), and hence x and x * commute. Thus the involution given below in the following two examples is of a decidedly different nature. We include these examples to indicate how explicit constructions can be achieved.
Example 3.4. Let the group G admit an involution * and suppose that x ∈ G is an element order 2 that does not commute with x * . Assume that w = xx * has order n ≥ 4.
is a free bicyclic pair in the integral group ring.
Proof. It suffices to assume that G = x, x * so that G is a dihedral group. Indeed, if w = xx * ∈ G, then G = w, x and x −1 wx = x * x = w −1 . Since x and x * do not commute, w = w −1 and hence w has order n ≥ 3, and G ∼ = D 2n . We now construct a homomorphism ϕ from Z[G] to M 2 (C), the 2 × 2 matrix ring over the complex numbers C, by defining
where ε is a complex nth root of unity (not necessarily primitive) with complex conjugateε = ε −1 . Since x * = xw, we also have
Thus ϕ(µµ * ) = (ε −ε) 2 · 1 + ε −1 −ε −1 − ε 1 +ε and this matrix has trace
In particular, if ε = cos θ + i sin θ, then T = 8 sin 2 θ·(1 + cos θ) = 8(1 − t 2 )(1 + t), where we set t = cos θ. Our goal is to show that ε can be chosen so that |T | > 4.
To this end, first note that T = T (t) is a cubic in t with T (−1) = T (1) = 0 and with T (t) ≥ 0 in the interval [−1, 1]. Furthermore, its derivative is given by dT /dt = 8(1 + t)(1 − 3t), so T is increasing in [−1, 1/3] and decreasing in [1/3, 1] . With this, it is easy to check that T (t) > 4 in the interval [−0.4, 0.8]. Next, since ε n = 1, θ must equal 2πr/n for some integer r and we choose r so that θ is close to π/2. Indeed, we can write n = 4k + a where a = −1, 0, 1 or 2 and we choose r = k. Then t = cos θ = sin(π/2 − θ) and π/2 − θ = π/2 − 2kπ/n = πa/2n. Since n ≥ 4, the values of a imply that −π/8 ≤ π/2 − θ ≤ π/4 and hence
as required.
We conclude that T = Tr(ϕ(µµ * )) > 4. Note that µ 2 = 0, so ϕ(µµ * ) is a singular matrix and has an eigenvalue equal to 0. Thus the second eigenvalue is equal to the trace T , so it is real and larger than 4. [2, Lemma 1.2] now implies that ϕ(1 + µ) and ϕ(1 + µ * ) generate a free group of rank 2 in the units of M 2 (C), and hence u = 1 + µ and u * = 1 + µ * form a free bicyclic pair in Z[G].
It remains to handle n = 3. Since the same argument applies to all odd integers n, we include this more general construction.
Example 3.5. Let the group G admit an involution * and suppose that x ∈ G is an element order 2 that does not commute with x * . Assume that w = xx * has odd order n ≥ 3 and write n = 2k + 1. Then y = w k x is a * -stable element of order 2 in G. If u = 1 + µ ∈ Z[G] with µ = (1 − y)x(1 + y), then (u, u * ) is a free bicyclic pair in the integral group ring.
Proof. Again, it suffices to assume that G = x, x * , a dihedral group of order 2n. Here w = xx * is * -stable and generates the normal cyclic subgroup W of G of order n = 2k + 1. In particular, if y = w k x, then y has order 2 and 
